
Eclectic Manual of Methods – Ray’s Arithmetic


IX. ARITHMETIC— First Year. 

THE subject of Arithmetic is usually considered easy to teach, probably because it seems to possess a more definite aim than most of the common branches. But, nevertheless, it is a subject in regard to which the young teacher is liable to make serious errors of judgment, both as to the method adopted and the manner of conducting recitations under that method. 

It has become somewhat the fashion to adopt new and fanciful ideas in teaching, and many young teachers are misled into thinking that unless a method is new it can not be the best. It should be borne in mind, however, that change is not necessarily progress. Any and every method must be subjected, first, to the laws of common sense as applied to the development of a child's mind ; and, second, to the test of actual experience in the class-room, before it can be proclaimed the best, or even a good, method. 

The method presented in this Manual is neither purely nor partly theoretical in nature, but is the method of practical, successful teachers of long experience. It has stood the test of the school-room for years, and has witnessed the growth and failure of many other methods, some of which attained a wide but short-lived popularity, while others are at work to-day, befogging the minds of little children, or converting them into mere figure-making machines, and in either case creating a life-long distaste for mathematics. 

It is difficult, not to say impossible, to lay down an arbitrary rule as to how much work shall be attempted in any one year in ungraded schools, since the conditions, — such as the length of the school year, the amount of time that can be devoted to arithmetic, the number, intelligence, and age of the class, etc., — differ so widely in the numerous schools. The divisions of work recommended in this Manual are not to be considered as arbitrary, therefore, but only as meeting the average requirements of common schools. They are to be used simply as a guide, and should be modified at the discretion of the teacher as circumstances may demand. 

The first step should be to examine the entire school carefully, and find out, if possible, just how thorough the instruction of the more advanced pupils has been. Then classify the pupils according to their knowledge of the subject, entirely irrespective of age or of the inequality of numbers in each class. 

The work that is here presented under the heads " First Year' and "Second Year' should be thoroughly "mastered, whether it requires one year, two years, or three years. If the entire school be sufficiently advanced, the instruction here suggested for the primary classes may be omitted altogether, but the teacher should be thoroughly satisfied on this point before assigning pupils to higher classes. 

Older pupils, whom it may be necessary to place in the primary classes at first, will naturally be able to advance more rapidly than the younger ones, and should be transferred to higher classes as they show themselves capable of such advancement. By having such pupils recite in both a higher and a lower class for a time, these transfers need not disturb in the least the daily routine of the programme. 

In the first class, besides those who have never studied Arithmetic, put all who have been poorly trained in the elementary processes. It will be economy of time and labor to do this, even if you have to include the entire school in this division for a time; for, in arithmetic, above all other studies of the common school course, it is of the utmost importance that one step shall be thoroughly understood before the next is attempted. The first two years' training is of more importance than all the rest the child receives. 
Do not attempt to have the children use a book in the primary class. — A book should not be used, because no book contains, and no book can be made to contain, the kind of instruction necessary the first year. 

Do not teach the figures in the first lessons, and do not allow the children to do any written work ; but teach orally, illustrating every operation, at first, by means of various objects. — The instruction should be entirely oral, and should deal altogether at first with concrete numbers. The little child can not grasp abstract ideas. It is true you can teach him to repeat, "2 and 2 are 4;' "2 from 4 leave 2;" "2 times 2 are 4;' and "4 divided by 2 equal 2." But, without the proper preliminary work, these words can not possibly convey any clear meaning to his mind. This kind of instruction in a primary class is simply machine drilling on abstract numbers and words which convey no ideas, or at best a mere jumble of ideas to the child's mind. It is one of the worst, and at the same time one of the most common, faults in the teaching of arithmetic, and it is one which is very apt to disgust pupils with the subject from the outset. 
On the other hand, if the proper method of teaching is pursued, which may properly be called the object method, the children are taught to think ; they will be interested at the very beginning, and they will be kept interested by this method until they are successfully carried to the point where the object method is no longer necessary, and their minds are ready to grasp the abstract, through careful preliminary drill on the concrete. 

Begin the teaching of arithmetic, then, with objects, blocks, balls, marbles, sticks, books, kernels of corn, apples, shells, pebbles, etc., etc. The more varied your assortment of objects the better. The numeral frame and other mechanical devices are useful, but should not be used exclusively, or the work will become monotonous and tiresome. 

Teach the concrete digital numbers in regular order, from one to ten inclusive, illustrating each number by corresponding groups of objects. —  The first step is to teach numbering ; that is, so to train the child that he can instantly give the number of any group of objects not exceeding ten, at sight, and without counting. Experience has proved that nearly every child old enough to commence 

school has at that time a very good knowledge of the numbers 1 and 2. It is therefore unnecessary to spend much time on these numbers. However, the class should be thoroughly tested on them before proceeding to take up the number three. The average child commencing school is unable to recognize at sight, without counting, the number of a group of objects exceeding three, and from this point the successive steps towards ten must be made slowly and carefully. Do not take up a new number until the class has proved itself perfectly trained on all that precedes. Each day's work should include a review of all the previous work, so as to keep the different numbers fresh in the mind. 

Do not allow a child to count by ones to find how many objects there are in a group, but teach him to recognize the group as a whole. — Teach what three means by repeatedly combining two and one, and one and two, into groups of three apples, three blocks, three marbles, three books, three pencils, three lines, three dots, etc., etc., and then immediately separating these groups again 

into their component parts, two and one, or one and two, apples, blocks, etc. When the group three instantly suggests the idea three to the entire class, teach four in the same manner by combining and separating one and three, three and one, and two and two objects. Make all the possible combinations and separations of integers forming each number, using as wide a variety of objects as possible. As soon as the class is sufficiently advanced, have the children do the combining and separating of objects for themselves. 

If you begin by teaching a child to count, he is very apt to get an erroneous idea by considering the group of objects individually instead of collectively ; and, as he points them out, — either actually or mentally, — "one, two, three, four, five," his three means the third object enumerated, and his five means the fifth ; so that five, to his mind, really means one particular object — the fifth — in place of a group of five objects, irrespective of order or individuality. Not until the child has learned to associate a number with its group, should he be taught to count the objects in that group. If the child once forms the habit of counting by ones in order to answer such a question as, "How many blocks in this group ?" it will be almost impossible to correct his error. In place of adding figures at sight, when that step of the work is reached, he will stop to count on his fingers to obtain the result, and will probably never be able to add rapidly and at the same time accurately. 
Therefore, we would suggest that counting be deferred altogether until the class can satisfactorily number any group including ten or less. When you do teach the class to count, have a group of objects counted forward and backward, and in promiscuous order. In this way, you will avoid the danger of having the number associated with one particular object. 

Teach Addition and Subtraction together. — The one is the reverse of the other, and when taught together they help the child to understand each process more readily than if they were taught separately. It is not necessary to teach the signs until abstract numbers and written work are commenced. 

Do not teach Multiplication and Division in the primary class. — They do not help in the understanding of addition and subtraction ; but, on the contrary, are apt to confuse the child by the number of different processes presented to his mind at once. 
Teach the concrete digital numbers without objects. — When, by the use of objects before the eyes of the class, you have taught all satisfactorily to number groups at sight, and to add and subtract all the possible combinations within the limit of ten as a total, the children are ready to take the next step. From combining and separating objects they can see, lead them to combine and separate groups of objects that they can not see, but can readily imagine, such as animals, houses, trees, tools, toys, or any objects with which they are familiar. Repeat the same processes that were used with the objects before the class in combining and separating, and in the same order. Give numerous exercises on each number, with constant reviews, until the entire class can perform each operation with great accuracy and rapidity. 

Teach the abstract digital numbers orally. — When you are satisfied with the results of the work thus far, take the next step by simply dropping the names of the objects, and teach the abstract digital numbers orally in the same order that you taught the concrete. Accuracy and rapidity are the important aims, and the children should be drilled until they can give the answers to all the possible combinations and separations instantly, and apparently without stopping to think. 

Teach the digital figures, and the use of the signs plus and minus and the sign of equality. — During the last part of the first year, when the children are thoroughly proficient in the preceding steps, teach them the written characters that stand for the numbers which they have learned to use orally. Write the corresponding words and figures on the board in two columns, as in the margin, and explain that we use figures in arithmetic in place of words for the sake of convenience and rapidity. Exercise the class in making the several figures on 

their slates and on the board, at first separately, and then in simple problems involving both concrete and abstract numbers. 

To teach the signs, write on the board an example similar to the following: 

4 and 2 are 6. 

4 plus 2 equal 6. 

4 + 2 = 6. 

Explain that in place of the word plus, the sign + is commonly used, and that it is to be read plus; thus, 4 + 2 is read "4 plus 2." In the same way explain that the sign =, called the sign of equality, stands in place of the words "is equal to," or equals; thus, 4 + 2 = 6, is read: "4 plus 2 equals 6." Teach that the sign — , called the minus sign, is used in place of the word less or minus, thus: 

6 — 5 = 1, is read 6 less 5 equals 1, or 6 minus 5 equals 1. 

Have the class practice with the signs until they are used as readily in reciting as the words for which they stand. 

The following table will be found useful for slate and board exercises. Have the class fill out the blanks. It may also be used for oral drill, and at the close of the year children should be able to give the answers instantly. 

1+1= ;
therefore, 2-1=

------------------

2+1 or 1+2= ;
therefore, 3-1= ;  3-2=

------------------
3+1 or 1+3= ;
therefore, 4-1= ;  4-3=

2+2= ;
therefore, 4-2=

4+1 or 1+4= ;
therefore, 5-1= ; 5-4=

3+2 or 2+3= ;
therefore, 5-2= ; 5-3=

------------------
5+1 or 1+5= ;
therefore, 6-1= ; 6-5=

4+2 or 2+4= ;
therefore, 6-2= ; 6-4=

3+3= ;
therefore, 6-3=

------------------
6+1 or 1+6=;
therefore, 7-1= ; 7-6=

5+2 or 2+5= ;
therefore, 7-2= ; 7-5=

4+3 or 3+4= ;
therefore, 7-3= ; 7-4=

------------------
7+1 or 1+7= ;
therefore, 8-1= ; 8-7=

6+2 or 2+6= ;
therefore, 8-2= ; 8-6=

5+3 or 3+5= ;
therefore, 8-3= ; 8-5=

4+4= ;
therefore, 8-4=

------------------
8+1 or 1+8= ;
therefore, 9-1= ; 9-8=

7+2 or 2+7= ;
therefore, 9-2= ; 9-7=

6+3 or 3+6= ;
therefore, 9-3= ; 9-6=

5+4 or 4+5= ;
therefore, 9-4= ; 9-5=

------------------
9+1 or 1+9= ;
therefore, 10-1= ; 10-9=

8+2 or 2+8 ;
therefore, 10-2= ; 10-8=

7+3 or 3+7= ;
therefore, 10-3= ; 10-7=

6+4 or 4+6= ;
therefore, 10-4= ; 10-6=

5+5= ;
therefore, 10-5=

This is the extent of the work that should be attempted in the primary class; and if the instruction is as thorough, and the reviews are as frequent as they should be, this amount of work will occupy the full year. It is granted that much greater apparent advance can be made in this time, and that children can be taught the names of numbers as high as a hundred or more, and to write the figures representing them ; but the learning of names and the making of figures do not of themselves imply the gaining or developing of ideas, and classes forced too rapidly over the preliminary ground without thoroughly understanding each step as they advance, will sooner or later show the bad effects of this method of teaching. 

X. ARITHMETIC— Second Year. 

THE class should now be prepared to commence the study of Ray's New Primary Arithmetic. If the teacher prefers to do so, the first six lessons on numeration and notation may be omitted until the close of Lesson XXXVII. 

Lessons VII, VIII, and IX are a review of the first year's work, and the advance work begins with Lesson XL. Teach each number from 1 to 20 inclusive, just as you taught the numbers from 1 to 10, using the tables and examples in the book as supplementary to the oral drill. 

If the first year's work has been thoroughly done, the advance from 10 to 20 will be comparatively easy and rapid. But the work should still be exhaustive, and should include counting by ones, twos, threes, etc., forward and backward; also, all the possible combinations and separations with a total of 20 or less. 

Lesson XI introduces the new number, 11. To teach 11, take a group of ten objects, such as pencils, blocks, sticks, or cards, and tie them in a bunch for convenience of handling. Before doing this, however, be sure that the entire class recognizes the fact that there are ten objects in the group or bunch. Then, holding up the bunch, ask: "How many sticks are in this group?" Holding up one stick, ask: "How many sticks do I now hold up?" Holding up one bunch and one stick, ask: "How many sticks are ten sticks and one stick? Now, if I take away one stick (illustrating), how many sticks are left?" 

Continue the illustration of this number with various objects, and by means of dots, lines, crosses, etc., on the blackboard, until the children are familiar with eleven as composed of one (group of) ten and one unit. 

Teach the class the characters that stand for eleven, writing both the word and the figures on the board, thus: Eleven, 11. The class are now prepared to take up Lesson XI in the book. 

Preface each of the succeeding lessons by similar oral work, illustrating 12, 13, 14, etc., up to 20, as these numbers are introduced, constantly reviewing with each lesson the numbers already learned. 

If the class have not already been taught the reading and writing of numbers up to 100, Lessons II to VI inclusive should here be introduced, and the drill continued until the class are perfect. 

The different values attached to a figure by its position in the order of tens or in the order of units, may be illustrated in the following manner, so as to be easily understood and remembered : 

Hold up one bunch of ten objects, and ask: "How many objects in this group?' When the question is answered, write the number 10 on the blackboard. 

Hold up one bunch and one object, and ask: "How many (sticks) do I now hold up?' When the answer eleven is given, reply "Yes, and eleven is made up of 1 ten and 1," holding up the bunch and the single object. "Now I will write the figures that stand for one ten and one" writing the number 11 on the board under the number 10, as you say "one ten and one." Continue in this way with the consecutive numbers up to 20, illustrating with objects, and writing the corresponding figures in the column on the board. Then show the children, again illustrating each number with objects, that, in the combination 10, the 1 stands for 1 (group of) ten, and the o, which means nothing, or naught, stands for no ones or units. That in the combination 11 the first 1 stands for 1 (group of) ten, and the second 1 stands for one unit. That 12 stands for 1 ten and 2 units, etc. Finally, that 20 stands for 2 tens and no units. 

There will be no difficulty in illustrating 21, 22, 23, etc., 31, 32, 33, etc., in the same manner, by means of the tied bunches of ten, up to ten tens, or 100. The children should then understand clearly, without a formal statement, that the figure in the second order from the right tells how many tens, and the figure in the first order how many ones, there are in a number. 

[Several tables showing exercises to be used have been omitted.  See the pdf copy for the actual tables.]

Do not attempt to teach the combinations and separations in this complete way beyond the total of 20 at this point. The class should be drilled, however, before taking up the subjects of multiplication and division, on adding and subtracting the digital numbers to and from all numbers within the limits of 100. 

Special drill in addition should be given to those combinations by which the addition of the digit carries the total into the ten next higher than the number to which the digit is added ; as, for example, in the following table : 


19
19
19
19
19
19
19


 3
 4
 5
 6
 7
 8
 9

18
18
18
18
18
18
18


 3
 4
 5
 6
 7
 8
 9

17
17
17
17
17
17
17


 3
 4
 5
 6
 7
 8
 9


16
16
16
16
16
16



 4
 5
 6
 7
 8
 9



15
15
15
15
15




 5
 6
 7
 8
 9




14
14
14
14





 6
 7
 8
 9





13
13
13






 7
 8
 9






12
12







 8
 9







11








 9

Similar tables for each ten numbers, 21 to 29, 31 to 39, etc., up to 91 to 99, should be written on the board, and the class should be drilled on them until all can give the results instantly without counting. 

Drill the class also in adding columns of digital numbers whose totals shall be 100 or less; and teach the pupils to write the totals at the foot of the column properly, with the unit figure of the sum directly under the column added. 

Commence with a few numbers at a time, and extend the columns to greater and greater length as the class advances in proficiency. 


In adding a column, — for example, the one in the margin, — do not allow a child to say, "6 and 8 are 14; 14 and 4 are 18; 18 and 1 are 19," etc.; but teach him to speak the results of his mental additions only, thus: "6, 14, 18, 19, 28, 35, 40, 42, 45." 
Drill on similar examples until the class can add long columns rapidly and accurately. Have the columns added both from bottom to top and from top to bottom. By changing the top and bottom figures only, an entirely new set of combinations are formed, whichever way the column may be added. In this way, the teacher can present a very large number of blackboard exercises for the class with a comparatively small expenditure of time and labor on his own part. 

In the business world, the accountant is called upon to use addition more frequently, as a rule, than all the other fundamental processes combined. It is therefore of the utmost importance that proficiency in this respect should be strictly demanded, and practice in the addition of columns of figures should commence as soon as the child is able to combine numbers. If the drill on the primary combinations in addition has been thorough, the children should be able, in a very short time, to add long columns accurately as fast or faster than they can utter the consecutive additions aloud. The only way to learn to add accurately and rapidly is through much practice; therefore, it is necessary to continue this class of exercises for some time, and even after taking up other steps. 

The only difficulty in teaching the subtraction of digits from the numbers between 10 and 100 will be found in cases where the digital number exceeds the figure in the unit's place of the minuend. This difficulty can be readily overcome by continual practice on such subtractions. Teach the children in such cases to add ten to the units of the minuend before subtracting the digit number, and to subtract one from the tens of the minuend to obtain the tens of the answer. To familiarize this rule, give a long series of exercises, retaining first the same units' figure, and then the same tens' figure, of the minuend throughout, while varying the tens in the first case and the units in the second, and using as a subtrahend the digital numbers in succession. The following examples will serve as a guide for this work: 
21
31
41
51
61
71
81
91

 2
 2
 2
 2
 2
 2
 2
 2
22
32
42
52
62
72
82
92

 3
 3
 3
 3
 3
 3
 3
 3
Etc., etc., etc.

21
22
23
24
25
26
27
28

 2
 3
 4
 5
 6
 7
 8
 9
31
32
33
34
35
36
37
38

 2
 3
 4
 5
 6
 7
 8
 9



Etc., etc., etc.
Tables similar to the following, embracing 30 to 38, 40 to 48, etc., up to 90 to 98, should be written on the board and used as a drill exercise in subtracting. These tables may be learned in regular order, but promiscuous exercises on them should also be given. 
20
20
20
20
20
20
20
20
20

 1
 2
 3
 4
 5
 6
 7
 8
 9

21
21
21
21
21
21
21
21


 2
 3
 4
 5
 6
 7
 8
 9


22
22
22
22
22
22
22



 3
 4
 5
 6
 7
 8
 9



23
23
23
23
23
23




 4
 5
 6
 7
 8
 9




24
24
24
24
24
24





 4
 5
 6
 7
 8
 9





25
25
25
25
25






 5
 6
 7
 8
 9






26
26
26
26







 6
 7
 8
 9







27
27
27








 7
 8
 9








28
28









 8
 9









29










 9

Drill also on adding and subtracting by tens to and from each number within the limits of 10 and 100. 

Up to this point, the children have been taught to consider numbers as parts to be combined and separated. They are now to study the same numbers in their relations as factors. In introducing these new processes of multiplication and division, the principle of developing ideas before words should control, and the knowledge already gained should be used as a stepping-stone to the acquisition of the new ideas. For example, the child already knows that 2 + 2 + 2 = 6; also, that 3 + 3 = 6. With this knowledge as a basis, it is very easy to show him that three times 2 are 6, and that two times 3 are 6. Thus, the child's knowledge of addition is used in teaching him multiplication. This seems much more rational than at once plunging into the multiplication table, and, by dint of incessant repetition, memorizing the combinations of a host of factors and products. By the first method, the child learns how the product is formed, and why 3 X 2 or 2 X 3 = 6. By the second method, he simply remembers — if he can remember — the formula. 

It is not to be disputed that the multiplication table should be memorized, so that any two digital factors being given, the product shall be given instantly and without adding; but this mastery of the table should be a gradual process, and each successive product should be properly analyzed and introduced. If this plan of teaching be adopted, it will be found that the children understand what they are studying, that they learn more rapidly, and that they remember the tables better after they are learned. 

We submit the following method of treating Lesson XXXIX, and suggest that each of the succeeding lessons in multiplication be taught in a similar manner: 

Illustrate the work by practical demonstrations before the eyes of the class, using the numeral frame and various objects, as in teaching addition and subtraction. At first, use the denominations balls, apples, shells, blocks, etc., illustrating with the objects themselves; then use denominations without illustrating ; and, finally, use the abstract numbers simply, thus : 

How many are 1 ball and 1 ball? {Illustrating with balls.) 

How many are 1 horse and 1 horse ? 

How many are 1 and 1 ? 

How many are two 1's? One 2? 

How many are two times 1 ? One time 2 ? 

Use a number of different objects in illustrating this step; and when the answers are instantaneous, write the final ones on the board, as they appear in the table of Lesson XXXIX, thus : 

1 time 2 is 2 ; 

2 times 1 are 2. 

Then proceed by the same steps to form the next product : 

How many are 1 block, 1 block, and 1 block ? {Illustrating.) 

How many are 1 doll, 1 doll, and 1 doll ? 

How many are 1 and 1 and 1 ? 

How many are three 1's ? One 3? 

How many are three times 1 ? One time 3 ? 

Place the final answers in the column on the board, as before : 

1 time 3 is 3 ; 

3 times 1 are 3. 

In a similar way, lead the children to form the entire table, writing each successive product on the board as it is formed. 

If a pupil hesitate in giving a product, he should be indulged at first, and allowed to work out the answer in his own mind by addition ; in other words, to exercise his reasoning powers. But, as soon as possible, put a stop to the necessity of adding in order to find a product. This can be done only by constant drill on the table until it is thoroughly memorized. Addition is useful in leading children to see how the products are formed, but it should be borne in mind that the final aim in teaching multiplication is to train the child's memory so that, any two digital factors being given, the product will instantly come to his mind without adding. 

More exercises are required for purposes of drill than can possibly be crowded into a primary text-book, which should be used only as a guide. The teacher should therefore supplement largely the exercises in the book under each table. 

Division is simply the reverse of multiplication, and as such may be easily taught by utilizing the child's acquired information as to the latter process. For example, you taught the child that 3 X 2 or 2 X 3 = 6 by presenting to his eye three 2's and two 3's, thus: 
2 + 2 + 2 = 6; 

3 + 3 = 6. 

It is very easy, then, to lead him to see by inspection that there are three 2's in 6, and two 3's in 6, and he will readily answer the questions: 

How many times 2 in 6? 

2 in 6 how many times ? 

How many times 3 in 6? 

3 in 6 how many times ? 

We would suggest, therefore, that in teaching the successive lessons in division, the tables of the corresponding lessons in multiplication be used as a basis. For example, in forming the table of Lesson LIII, use the table of Lesson XL as a basis. 

As in teaching multiplication, the processes should be illustrated by means of the numeral frame and objects of various sorts, at the first step, then concrete numbers should be used, and finally abstract numbers. The following is the method suggested for treating Lesson LIII: 

How many are 2 times 1 ball? (Lesson XL.) 

How many times 1 ball in 2 balls ? 

How many times 2 balls in 2 balls ? 

How many are 2 times 1 house ? 

How many times 1 house in 2 houses ? 

How many times 2 houses in 2 houses ? 

How many are 2 times 1 ? 

How many times 1 in 2 ? 

How manv times 2 in 2 ? 

It is not thought necessary to form the table of 1’s in division ; therefore, write only the answer to the last question on the board, thus : 

2 in 2, 1 time. 
Proceed in the same manner to find the next quotient : 

How many are two times 2 gloves ? 

How many times 2 gloves in 4 gloves ? 

How many are 2 times 2 farms ? 

How many times 2 farms in 4 farms ? 

How many are 2 times 2 ? 

How many times 2 in 4 ? 

Write the answer under the preceding one, thus : 

2 in 4, 2 times. 

In the succeeding steps, use both factors as divisors in forming the division table, thus : 

How many are 3 times 2 pencils ? 

How many are 2 times 3 pencils ? 

How many times 2 pencils in 6 pencils ? 

How many times 3 pencils in 6 pencils ? 

How many are 3 times 2 wagons ? 

How many are 2 times 3 wagons ? 

How many times 2 wagons in 6 wagons ? 

How many times 3 wagons in 6 wagons? 

How many are 3 times 2 ? 

How many are 2 times 3 ? 

How many times 2 in 6 ? 

How many times 3 in 6 ? 

Write the last two answers on the board, thus : 

2 in 6, 3 times ; 

3 in 6, 2 times. 

Proceed in like manner to complete the table of 2's and the succeeding tables of division. It will not be necessary to memorize the division tables if work on the multiplication tables has been thorough. For, if the latter have been mastered, when a product and one of its factors are given, the children should be able to give the other factor instantly after they have learned the simple process of division. As in multiplication, the exercises under each lesson in the book should be supplemented by others until every step of the table is thoroughly learned and impressed on the memory. 

For convenience in written exercises, the signs of multiplication and division may be taught as soon as those subjects are taken up. 

The Review Lessons from LXII to LXXVIII inclusive should receive careful attention, and no child should be allowed to go into an advanced class whose work on review is unsatisfactory. It follows that he does not fully understand his work thus far, or that he is insufficiently drilled, and in either case it is folly to give him more difficult work to do, and work that presumes thoroughness in what has gone before. 

Lesson LXII, except the table, and Lessons LXIX and LXXI embrace what is commonly known as "lightning calculations." They should be extended at the discretion of the teacher, and the four processes of addition, subtraction, multiplication and division should be included. It is well to vary the order of the processes in different examples. In schools where the teacher is pushed for time, in place of reciting these exercises orally, they may be used as slate or board exercises. Commence the work by pausing after each process a few seconds. Make these pauses shorter and shorter as the class becomes skilled, and have only the final results uttered or written. If a class is sent to the board to work, number the pupils in consecutive order as they stand at the board, and give the odd numbers one example and the even numbers another, in order to prevent copying or prompting. 

In teaching the tables in Lessons LXXIX to LXXXVIII inclusive, the teacher should supply himself, so far as possible, with the actual measures of value, weight, etc., and demonstrate before the class, for example, that "2 pints make 1 quart" by filling the pint cup twice, and pouring its contents into the quart cup. A very good plan in teaching many of these tables is simply to teach the names of the different measures, and have the children find out for themselves by actual experiment in the class-room how many of one measure it takes to make the next higher. The tables taught in this way will be learned with interest and will be remembered. Whereas, if simply made a matter of rote, they are apt to convey but little information ; consequently, they are devoid of interest and are speedily forgotten. 

XL ARITHMETIC— CONCLUDED. 

Third Year. 

BEFORE beginning the advance work of the third year, give the class a thorough review of the Primary Arithmetic. It will be sufficient, ordinarily, to have the children perform the work of the regular review lessons of that book, which are to be found on pages 23 to 26, 38 to 40, 52 to 55, 66 to 83, inclusive, and on page 94. As before stated, pupils who find any difficulty in solving the problems contained in these review lessons are not prepared to advance, and should be kept in the Primary Arithmetic class until they are thoroughly proficient. Bear in mind that, in the study of Arithmetic especially, one step must be mastered before another is attempted. Progress is necessarily slow, and the golden rule is, "Make haste slowly." 

Mental and Written Arithmetic should be taught together to save labor and time. Therefore, after completing the review of the Primary, as suggested, have the class begin work in both the New Intellectual and the New Practical Arithmetics. Let the mental and written instruction alternate, and, as far as possible, have the work in the Intellectual Arithmetic precede work on the corresponding subject in the Practical Arithmetic. It is proposed to complete the work in both books as far as the subject of fractions during this Third Year. 
A clear understanding of the terms used in arithmetic is absolutely necessary, and all definitions should be carefully memorized. Principles and rules should also be required as they are given in the book, because these can not be given clearly in fewer words. The thought, of course, must be explained with great care to avoid " parrot work," caution against which can not be repeated too often. But, after the thought is grasped, demand exactness of expression, which is one of the most important aims in the study of arithmetic. 

Before beginning the third year's work, the children are supposed to understand the four fundamental processes, and to be able to solve simple problems within the limits of 100. They are now supposed, also, to have arrived at an age when they may properly be required to analyze the different processes ; that is, to state clearly and concisely each step of a solution. 

In teaching analysis, care must be taken not to allow repetitions, or indeed any unnecessary verbiage. Wordy analyses not only involve a waste of time, but they obscure the reasoning rather than make it clear. The old method of requiring a child to separate his analysis into four formal steps, two of which were usually needless repetitions, has been abandoned by all advanced teachers, who have adopted in its place the simplest and most concise form of statement consistent with clear reasoning. The Model Solutions in the Intellectual and Practical Arithmetics give all the steps necessary to a thorough understanding of a problem, and give them as concisely, perhaps, as can well be done. The children should be required to follow these models in their exercises in analysis. 

Exercises in analysis should not be confined to work in mental arithmetic. The written work should be analyzed in the same way. The latter differs from the former only in that it requires mechanical work (the operation) in addition to the mental work. Both forms of work are useful, and each has a particular purpose. 

The tables of addition, subtraction, multiplication, and division in the Intellectual and Practical Arithmetics, carry the work a few steps beyond the corresponding tables in the Primary book. All of these tables should be learned and recited, but the multiplication table should be memorized so that each product, up to 12 X 12 = 144, can be given by every member of the class the instant that the factors are presented, 

Prepare for the class as large a number and variety of original exercises, both mental and written, as you possibly can. Such original exercises are far better in certain respects than those given in any book; for, despite every caution, answers to the latter are liable to be copied from keys, or marked in the old books, and thus the object of the exercises is defeated. 

It is unwise to assign work in arithmetic to be performed by the children out of school hours, for almost invariably those children who most need the exercise will procure assistance in place of endeavoring to do the work themselves, and again the object of the exercises is defeated. The consequence is that the class develops very unevenly ; some of the pupils making rapid mental progress, and others dragging behind hopelessly. Much supposed natural incapacity may be suddenly removed by the discovery that those "naturally incapable' are neglecting their work. The teacher should therefore carefully watch them, and see that they actually perform the work assigned them. 

Fourth Year. 

In the Fourth Year, the class should continue alternate recitations in mental and written arithmetic, and it is suggested that the work be extended to the subject of ratio in the Intellectual, and to percentage in the Practical, Arithmetic. That is, the arithmetical work of the entire year is devoted to the study of fractions, both common and decimal. This includes the work ordinarily performed in graded schools during the fifth year. 

In teaching fractions, illustrate by actual objects, as in the first steps in teaching whole numbers. Show the class that there are two halves in one whole apple by dividing an apple into two equal parts. Demonstrate the importance of the word equal by dividing an apple, or other object, into two parts which are not equal. Neither part, in this case, will be a half. 

Illustrate 1/3, 1/4, 15, 1/6, etc., in the same way. By this method, the class at once gain a clear, accurate idea of fractional parts. They see that 2/2, 3/3, 4/4, etc., make one whole, or unit, without waste of words. 

The difference between a proper and an improper fraction should be practically illustrated, and the reason for so naming the latter will be immediately apparent. Continue to illustrate each step by objects as you advance. 

Before giving Lesson XXVII of the Intellectual Arithmetic to the class, illustrate with objects the fact that the same fractional part of a unit can be expressed in a variety of terms; that is, by a variety of numerators and denominators (see definition of "terms,": page 47, Intellectual Arithmetic). Thus, 1/2 of an apple can be divided into two equal parts, and the 1/2 becomes 2/4; or, it can be divided into three equal parts, and the 1/2 becomes 3/6; divided into four equal parts, 1/2 becomes 4/8, etc. The class will readily see that 1/2, 2/4, 3/6, 4/8, etc., all express the same quantity; i.e. 1/2 of one apple. Continue the illustration by the division of 1/3, 1/4, 1/5, etc., into two, three, four, etc., equal parts. When the children understand this, they can easily understand, also, what is meant by "reducing a fraction to its lowest terms." 

The use of objects should be abandoned whenever the teacher finds that it is no longer necessary to a clear understanding of the subject, but it may be found advisable to resume this method occasionally when any unusual difficulty presents itself. 

It may occur to some teachers that there is too great disparity in the amount of work assigned for the third and fourth years. It is true that, as far as the number of pages covered in the Practical Arithmetic is concerned, there is a disparity ; but it must be borne in mind that the work assigned for the third year is very largely a review and an extension of principles taught in the two preceding years. Whereas, the subject of fractions opens an entirely new and quite a difficult field ; and the work assigned for the fourth year will be found ample, even under the most favorable circumstances, to occupy the time. 

Fifth Year. 

Percentage and its applications are made the special objects of study this year. The subject of ratio is introduced in the Intellectual before percentage; but, if thought best, it may be omitted until that subject is taken up in the Practical Arithmetic, at the beginning of the Sixth Year. 

It is true that the study of percentage, and its applications, possesses peculiar value for those pupils who intend to follow certain mercantile pursuits ; but a fair knowledge of the subject is valuable to men of almost every occupation, and should therefore receive careful attention. 

The subject is so fully treated in the Practical Arithmetic that additional explanation here seems uncalled for. Lessons in the Intellectual Arithmetic, as before suggested, should precede the corresponding lessons in the Practical Arithmetic. 

Unless the subject of ratio be postponed, the Intellectual Arithmetic should be finished this year. 

Sixth Year. 

The work of this year, from ratio to the close of the Practical Arithmetic, with the exception of arithmetical and geometrical progression, is essentially practical in nature, and a knowledge of the subjects treated is useful, if not necessary, to all. 

The number of examples given in the book is necessarily limited, owing to the number of subjects treated, and to the condensed form demanded in a school textbook. The examples in the book should be largely supplemented by the teacher, and the latter should endeavor to make his original exercises as practical as possible. 

It has been frequently suggested that teachers should supply exercises for their classes in addition to those given in the several text-books. Many teachers may find it impossible to devote the time necessary for the proper preparation of such exercises ; and, unless the exercises are most carefully prepared and graded, they will usually be found of little service. To such teachers the use of "Ray's New Test Examples in Arithmetic' is recommended, which will furnish them the necessary number and variety of exercises to supplement the work of each year. The exercises of this book are practical in their nature, all mere puzzles having been excluded. We can not give a correct idea of the book in any better way than by quoting from the preface of its author, Mr. B. O. M. DeBeck, formerly a teacher in the public schools of Cincinnati. He says : 

"No example has been introduced which the average pupil can not solve without assistance, and no solid progress can be expected unless this is required. 

"The examples in each article have been carefully graded, the first few being suited to very young pupils, while the last half would furnish work for advanced pupils whose time is limited. 

"Attention is called to examples occurring in pairs, where a slight variation in statement changes the nature of the problem. 

"In each article, the number of examples presented is made to depend upon the difficulty and importance of the particular subject presented." 

The book covers the entire ground of Ray's New Practical Arithmetic, and is bound in two forms, — with answers and without answers. The latter, if so desired, may be placed in the hands of the pupils ; while a copy with answers, in possession of the teacher, will save him much time and trouble.
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